CHAPTER - 6

System of Particles and Rotational Motion
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Centre of Mass :-

Centre of mass of a body is a point where
the entire mass of the body can be supposed
to be concentrated.lt is a point that moves as
though all the mass were concentrated there
and all external forces were applied there.
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Important points about centre of mass :-

(i) Position vector of centre of mass for n
particle system :-

If a system consists of n particles of masses
m4{ My, M3......M, whose positions vectors are
Pry 79y F3evveennens r ~ respectively then position
vector of centre of mass is given by-

- . o
r=mlrl+m7_12+m3 l3+ ............ m_r

(ii) Position vector of centre of mass for
two particle system :-
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F=— ===

my +ms,

(iiiy The position of the centre of mass is
independent of the coordinate system chosen.

(iv) The position of the centre of mass
depends upon the shape of the body and
distribution of mass.

(v) In symmetrical bodies in which the distri-
bution of mass is homogenous, the centre of
mass coincides with the geometrical centre or
centre of symmetry of the body.

(vi) If the origin is at the centre of mass,
then-

-
8. . Xm,r,=0.

(vii) If a system of particles of masses m1 ma,

M3.......Mn Move with velocities v; vy, V...
then the velocity of centre of mass-

- - - -
- dr d|m n+m,rn+m;ri+...
Vem = —— = —
dt dt mp+m,+m; +...
v = 2my;
om anl

(viii) If a system of particles of masses m: m.,

—_ = >

. . >
[ EO— m. move with accelerationsa;,as, a;.....a,

then the acceleration of centre of mass-

- -
- d Vem d2 r dz
Aem = ——=———

-
m, K+m, ry+ ...

dt d>  d® my;+m,+msy+.....
- Xmd,
cm
2m,

(ix) Position of centre of mass for different
bodies



S.No. | Body Position of centre of mass

(a) Uniform hollow sphere Centre of sphere

(b) Uniform solid sphere Centre of sphere

(c) Uniform circular ring Centre of ring

(d) Uniform circular disc Centre of disc

(e) Uniform rod Centre of rod

® A plane lamina (Square, Rectangle, Point of inter section of diagonals

Parallelogram)

® Triangular plane lamina Point of inter section of medians

(h) Rectangular or cubical block Points of inter section of diagonals

@ Hollow cylinder Middle point of the axis of cylinder

6)] Solid cylinder Middle point of the axis of cylinder

® Fong or pyraniic On the axis of the cone at point distance 34—h
from the vertex where h is the height of cone
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A body is said to be a rigid body, when it
has perfectly definite shape and size. The
distance between all points of particles of
such a body do not change, while applying
any force on it.
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Translational Motion:-

A rigid body performs a pure translational
motion, if each particle of the body undergoes
the same displacement in the same direction
in a given interval of time.
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Rotational Motion:-

A rigid body performs a pure rotational
motion, if each particle of the body moves in
a circle, and the centre of all the circles lie
on a straight line called the axes of rotation.
Example: Rotation of ceiling fan,Rotation of
blades of a windmill.
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Angular Displacement:-

It is the angle described by the position vector
T about the axis of rotation.

Linear displacement (s)
radius (r)

Its unit is radian and Dimension formula is
[MOLOTO] .
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Angular Velocity:-

The angular displacement per unit time is
called angular velocity. If a particle moves

from P to Q in time At then o = A—g, where
A0 is the angular displacement.

Q

e Instantaneous angular velocity -

g 20 _ 49
A—0 AF dt

e Average angular velocity-

_ totalangulardisplacement 8, -6,

“ total time Iy~

e lts S.I. unit is radian/sec and its dimen-
sional formula is [M°LT].

e Relation between Linear velocity and Angu-
lar velocity-

— — —
W= X F

ﬁ
where yy = linear velocity,
—
7 = radius vector
— . . .
¢ =Angular velocity is an axial vector,

whose direction is normal to the
rotational plane.

FONT Jor:-

gfa sHe AT & Hofiy [(euna & s
Q9T gl ST g 1T FIS FUT At TFT H P ¥ Q

Hr 3T AfT Far g ar m=§—,‘?gﬁ?ﬁaeaﬁ
FIOT fqEumdeT gl

Q

o dicaIfUTeh HIofT ger -

a0 Af O di
o 3itTa =l ger-
- gﬂaﬂvﬂzrﬁﬂw 6201
Gav = T GAT I

® Hdl S.|. A IE3T/A%s 3R s oy
T [MOLOT"] gier &
A3T@F a1 3R HONT Jo1 & I T GEY-

—> —>
V=) X F

—

el vy = 3@ 3,
? = B=ar gfeer
o = FONT AT v el afeer & g

fe=m guieelier der & oFaad g gl
Angular Acceleration:-

The rate of change of angular velocity is
defined as angular acceleration.If particle has
angular velocity o4 at time t1 and angular
velocity o, at time t2 then,

Angular acceleration -

- -
W>r— @)

t, — 1

-
. a=

(1) Instantaneous angular acceleration-

- Aw do d*o
a = lim = =,
A—0 At dt dit

(2) Average angular acceleration
a ) e ———
i, — 1

(3) Its S.I. unit is radian/sec? and its dimen-
sional formula is [M°LT]

(4) If a = 0 then circular or rotational motion
is said to be uniform.

(5) Relation between angular acceleration and
linear acceleration-
— - -

d=axr

(6) It is an axial vector whose direction is
along the change in direction of angular ve-
locity i.e. normal to the rotational plane, out-
ward or inward along the axis of rotation
(depends upon the sense of rotation).
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Linear Motion Rotational Motion

If linear acceleration a=0

If angular acceleration a.= 0
then u = Constantand s=u t.

then ® = Constant and 0 = ot

Iflinear acceleration a = constant,
then-
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then-

i) 6= (@ “2'592){

e sy =
(i) o=—2—1
t

(i) 0, = +at

. |

(iv) @=ant+—at
2

V) o3 = o] +2a6

() 6, = @ +(20-1)

W) v2 =u? +2as

(vi) 5,4 =u +%a(2n—l)

v) @} =w? +200

() Oy = @1 + (2=

1’1‘%; T caoT 3= ?llﬁ.' VT caIuT 37T
el 8l , dl 3uad el &, df 3Iiad
QAT A el g | GERTOT S SAEr g
3H AHS H- 3H AT A-
. 0ax
W= W o=-922

dv  dx 2
[ll}ﬂ=§—;!;1 (i) =£=.‘L§

i

(i} vdv = ads (ii]) teder = er df?

Moment of Inertia:-

Moment of inertia is the property of an object
by virtue of which it opposes any change in
its state of rest or of uniform rotation about
an axis. It plays the same role in rotational
motion as mass plays in linear motion.



Important points-

(1) Moment of inertia of a particle I = mr?;
where r is the perpendicular distance of a
particle from the rotational axis.

(2) The moment of inertia of a body about a
given axis is equal to the sum of the products
of the masses of its constituent particles and
the square of their respective distances from
the axis of rotation.

Axis of rotation

l=myrd + myrd + mgrd .. b ni= Dt my

(3) Moment of inertia of a continuous
distribution of mass-

o

Moment of inertia of a mass dm located at
a perpendicular distance r from the axis of

rotation-  Jf = Jgm 52
=>Moment of inertia of the entire body

I= _[rzdm

(4) Its S.I. unit is kgm? and its dimensional
formula is [ML?].

(5) The moment of inertia of a body depends
upon

e position of the axis of rotation.

e orientation of the axis of rotation.

e shape and size of the body.

e distribution of mass of the body about

the axis of rotation.
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Radius of gyration (K):-

It is defined as the distance of a point from
the axis of rotation at which, if the whole
mass of the body were concentrated, the mo-
ment of inertia of the body would be the

same as with the actual distribution of mass
of the body.

Important points:-

e Moment of inertia of a body about a giv-
en axis is equal to the product of mass of
the body and squares of its radius of gyration
about that axis i.e.



I:Mk2=>k:\/%

where k is called the radius of gyration.

° The radius of gyration of a body about a
given axis is equal to the root mean square
distance of the constituent particles of the
body from the given axis.

I = myry? + mory? + mara? + ... + mpr,?
If, my =my, =mg = ... = m then
I=m(r? + 2 + 32 + ... M) (i)
From the definition of Radius of gyration
=Mk (i)

By equating (i) and (ii) we get-
MKk?= m(r?1 + r2g + 1’3 + ... r?n) [As M = nm]
= nmk>= m(r¥1 + ri2 + r’3 + ... ?n)

2 2 3 2
ot g +r,
:k:\/l 2 3 -

e Radius of gyration (k) depends on shape
and size of the body, position and configu-
ration of the axis of rotation, distribution of
mass of the body w.r.t. the axis of rotation.

e Radius of gyration (k) does not depend
on the mass of the body.

e Its S.I. unit is m and its dimensional for-

mula is [MOL'T®].
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Moment of inertia of a few bodies of regular shapes
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Vector or Cross Product of Two Vectors:-

The vector product of two vectors is equal
to the product of their magnitudes and the
sine of the smaller angle between them. It is
denoted by x (cross)

Direction of Vector Cross Product :-

When C = A x E, the direction of 6 is at right
angles to the plane containing the vectors A

and B. The direction is determined by the
right hand thumb rule.

Right Hand Thumb Rule:-
gurl the fingers of your right hand from A to

B.Then, the direction of the thumb will point
in the direction of A X B .

T~

Properties of Vector Product:-

(i) Vector product is not commutative.

[+ (AxB)=-Bx A)
(i) Vector products are distributive.

ie. Ex(ﬁ+ﬁ)=ﬁxﬁ+ﬁx6

(iii) Vector product of two parallel vectors is
zero.

ie. AxB=ABsin(®=0
(iv) Vector product of any vector with itself is
Zero.

AXxA=AAdsin(P=0

(v) Vector product of orthogonal unit vectors

ie. AxB=BxA

° ixi:}x}:f&xf&:O
e ixj=-jxi=k

jxk=-kxj=1

e kxi=-ixk=j

© ©
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(vi) Vector product in cartesian coordinates
xB=(4i+A4,)+ ARxBi+Bj+ Bk
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Torque:-

The turning effect of a force about the axis of
rotation is called moment of force or torque
due to the force.Torque or moment of a force
about the axis of rotation

T=Fx F=rFsm8n
Torque is an axial vector. i.e., its direction is

always perpendicular to the plane containing

vector T and F in accordance with the right
hand thumb rule.

<

%

Important point-
e As 1 = rFsind = F(rsin0)=Fd

Where d = rsind = Perpendicular distance of
line of action of force from the axis of rotation

i.e.
Torque = Force x (Perpendicular distance
of line of action of force

from the axis of rota-
tion.)

e Torque is also called moment of force
and d is called moment or lever arm.

e For a given force and angle, magnitude
of torque depends on r. The more is the
value of r, the more will be the torque and
easier to rotate the body.

e Its S.I. unit is N-m and its dimensional
formula is [ML2T]

e If a body is acted upon by more than
one force, the total torque is the vector sum
(e} — — — —

T=7T1+ T2+ T3+ ........

e A body is said to be in rotational equilib-
rium if resultant torque acting on it

is zero i.e. Z;} —0

e Torque is the cause of rotational motion
and it plays the same role as force plays in
translatory motion i.e. torque is the rotational
analogue of force.

e In rotational motion, torque, t = Ia where,
a is angular acceleration and I is the mo-
ment of inertia.
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Couple:-

e A pair of equal and opposite forces with
parallel lines of action is called a couple. It
produces rotation without translation.

—

e

T=rx¥F

e Generally both couple and torque carry
equal meaning. The basic difference between
torque and couple is the fact that in case of
couple both the forces are externally applied
while in case of torque one force is externally
applied and the other is reactionary.
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Angular Momentum:-

%
Figat

The moment of linear momentum of a body
with respect to any axis of rotation is known
as angular momentum. If P is the linear

momentum of a particle and T is its position

vector from the point of rotation then angular
-+ = =
momentum- 5 _ sy P

L

|

Important point

o lts Sl unit is J-s and its dimensional formu-
la is [ML?T].

e It is the rotational analogue of linear
momentum and is measured as the product
of linear momentum and the perpendicular
distance of its line of axis of rotation.

e Angular momentum is an axial vector i.e.
always directed perpendicular to the plane of
rotation and along the axis of rotation.

_}.

.
L=7w

e The rate of change of angular momentum
is equal to the net torque acting on the par-
ticle.

e In vector form,

dr t
5
[Asd—m—a and 7 =/
¢
_ dL
> T=—0
di



e The angular momentum of a system of
particles is equal to the vector sum of angular
momentum of each particle i.e.,

L=L+L,+Li+...... +L
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gole 38T & HeT & e s & @w war
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L=rxP
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L=L+L,+Ly+.+L_ .

Angular impulse :-

If a large torque acts on a particle for a small
time then 'angular impulse' of torque is given

by

- — — t
Jz_[rdz‘:rm.- | dt
fy

—3

— —
»  J=1, At=AL

i.e. Angular impulse = Change in angular
momentum
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o J=rz, At=AL
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Conservation of Angular Momentum:-

If the external torque acting on a system
is zero, then its angular momentum remains
conserved.

So if the net external torque on a particle (or
system) is zero then

z-dL _
==
2 L=L+L,+L;+.... = constant.

— — s
As I =@ so if ; = then I = Constant
1

Sofee —
]
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goreel = g ar
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Work :
If the body is initially at rest and angular
displacement is d6 due to torque then work

done on the body- W:J'z—dg



F

gig s R & fouw & Bufa & g 3R
SerguT & FRoT {3 F Fivi AT do g dr
fis o foam arar & - w=[rdo

Rotational Kinetic Energy:-

Rotational kinetic energy of a body is equal
to the sum of kinetic energies of its constitu-
ent particles.

K =12

Rotational kinetic energy- 5

goit afasr Fait-
et R 6 goil sifas Fa1 39% g Hoir v
I Folia & AT & ST g ¥

ot afere Sall-

Total kinetic energy of a perfectly rolling
object

K =l Io®
2

=Kinetic energy of translational + (Kinetic en-
ergy of ro-
tation)

1 mv® + EImg

2 2

quid: dRefasw afa & R A o afas s

= FURROT T ITdeT Fail + (g r arfasr
)

1 P
== mv® + = Io®

& L

Power :

Rate of change of kinetic energy is defined
as power
1

P:%(KR):%[EIQ)Z}:]@!;—? = loo = low =10

—

In vector form Power (P) =7 - ®

oafFa:

AT Foll & IR HT & Hl ATFT & & H
gReTT fhar = g

d dil d
P=—(KR)=—[—Ia)2-I=Iw£=Ia)a=1aa)=m)
dt dr|2 dt
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Equilibrium of Rigid Body:-

A rigid body is said to be in equilibrium,
if both of its linear momentum and angular
momentum are not changing with time. Thus,

for equilibrium the body does not possess
linear acceleration or angular acceleration.

For translational equilibrium of a rigid body,

Fﬂ:Z‘EFi=U
For rotational equilibrium of a rigid body,
fzzifi:ﬂ
T¢ s &1 wqaer-
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Centre of Gravity:-

If a body is supported on a point such that
total gravitational torque about this point is
zero, then this point is called the centre of
gravity of the body.

Tocd Fa:-

gfe fopdt s &1 fohel E"%Hq? 3H YR TERT
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Analogy Between Translatory Motion and
Rotational Motion.

SI. | Translatory Motion Rotational Motion
no
1 |Distance/displacement (s) | Angle or angular
displacement (6)
? Linear velocity(v) g Angul loci ‘
T — t = —
y M ngular velocity (w) 7
3 | Linear acceleration (a) Angular acceleration(a)
_dv _ d®r _de _ d*8
de  dt? de — di?
4 | Mass (m) Moment of inertia (I )
> |Linear momentum  |Angular momentum
—- > - —
P = mv L =Iw
6 |F=ma t=1Ia
7 = dP g dL
dt dt




. 1
Translational KE, K, = Emvz

Rotational KE, K5 = %Imz

9 — >
w=[F.& w=[7.d0

Wlp=Fuv P=7ad

11 |Linear momentum ofa  |Angular momentum of a
system is conserved when |system is conserved when
no external force acts on | no external torque acts on
the system the system

12 |Equation of translatory | Equation of rotational
motion- motion-

L v=u+tat i w;=w, tat
i. s;ut+§at2 i, 0=wt+ias?
iii. v%—u?=2as ii. w}-—wi=2a6,
g aifa s guit afq & &g acel

o | afa Toft arfer

q.

1 |g/fawum=T (s ) HIT JT HIOTT AT

(6)
2 ds df
WWVFE FIOMT A7 () = —
di
3 Y@ o (a)= HIONT a0l (o)=
dv  d®r de _ d%8
dr  diZ de — dt?

4 |gemAEteT (m) STScd TEOT (1)

5 |3@T P = mo HOT €491 L = o

6 =ma t=1Ia

7 |p_dP ~_dL
F="a T
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10.|P=Fu P=7.4@
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il. s =ut+ latz ii. 8= (ﬂlt + %atz
2
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MULTIPLE CHOICE QUESTIONS:
agﬁwqﬁzr qee:
1. The angular velocity of seconds hand of a
watch will be-
2 rad/ b. Zrad
a. g rad/sec . 3 rad/sec
c. 60rrad/sec d. 30nrad/sec
T3 HT JHT S HT HIONT 1 FAT AT ?
2 rad/ b. Zradl
a. g rad/sec . 3 rad/sec
c. 60xrad/sec d. 30z rad/sec
2. What is the dimensional formula of torque ?
a. [ML?T] b. [M2LT]
c. [MLT? d. [ML?T?
semgel &1 R g7 Fr gar 2
a. [ML2T] b. [M2LT]
c. [MLT? d. [ML?T?]
3. What is the dimensional formula of moment
of inertia ?
a. [ML2T9] b. [M2LT"]
c. [MLT? d. [ML?T?]
Ssed eyt &1 AT | = @ar 2
a. [ML2TY] b. [M2LTT]
c. [MLT? d. [ML?T?]
4, What is the dimensional formula of angular
momentum ?
a. [MLT] b. [ML*T]
c. [ML?T?] d.  [M2L2T?]
FIofir w3er 1 el wF Far gar 872
a. [MLT] b. [ML?T]
c. [ML?T?] d.  [M2L2T7
5. Which of the following is the translatory

analogue of Torque ?

a. Mass b. Force

c. Velocity d. Kinetic energy
frafaf@a & @ Fla @1 g et w1 W
ITET 82

a. GodHAlT b. o



